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The orbital angular momentum Hall effect and spin Hall effect of electron vortex beams (EVB)
have been studied for the EVBs interacting with laser field. In the scenario of paraxial beam, the
cumulative effect of the orbit-orbit interaction of EVBs and laser fields drives the orbital Hall effect,
which in turn produces a shift of the center of the beam from that of the field-free case towards the
polarization axis of photons. Besides, for non-paraxial beams one can also perceive a similar shift
of the center of the beam owing to spin Hall effect involving spin-orbit interaction. Our analysis
suggests that the shift in the paraxial beams will always be larger than that in non-paraxial beams.
The experimental demonstration [1] for the production
of electron vortex beam (EVB) with an orbital angular
momentum (OAM) projection of upto 200~ and energy
∼ 200-300 KeV have upsurged the interest of theoret-
ical physicists to work in this area which was started
from the theoretical prediction of EVB [2].In free EVBs
both the spin angular momentum (SAM) and the OAM
of an electron give rise to an intrinsic spin-orbit interac-
tion (SOI) [3] which is also a topic of recent attraction.
The recent theoretical investigation of the interaction of
relativistic electron vortex beams with laser light [4] is
also of much importance from the aspect of light mat-
ter interaction. The exact analytical solutions, obtained
when the Dirac-Volkov wave function is used to describe
the monoenergetic distribution of electrons with well de-
fined OAM in vortex beams, explicitly shows that the
OAM components of the laser field couples to the total
angular momentum (TAM) of the electron and the center
of the beam is shifted along the polarization direction of
the laser field with respect to the center of the field-free
EVB [4]. In their analysis they have used the calculation
of the probability density of finding an electron in the
beam profile. This enthralling paper [4] motivated us to
probe the physical mechanism responsible for the above
mentioned shift of the center of the beam. Very recently,
we have studied [5, 6] the dynamics of field free EVBs and
EVBs in a time dependent magnetic field that revealed
how the spin Hall effect and the spin filter configuration
of EVBs arise. In this formulation, we have utilized the
role of the geometric phase acquired by the scalar electron
orbiting around the vortex line in the geometrodynamics
of EVBS. It is worth studying the situation when EVBs
interact with a laser field in this framework.
In this letter, we explore the dynamics of relativistic
electron vortex beams in a laser field from the perspec-
tive of geometric phase. To this end, we consider the
skyrmionic representation of a fermion, where an elec-
tron is depicted as a scalar particle moving around the
vortex line, which is topologically equivalent to a mag-
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netic flux line giving rise to the spin degrees of freedom.
The geometrodynamics [5, 6] of electron vortex beams is
governed by the Berry phase [7] acquired by the scalar
electron moving around the vortex line. This phase term
vanishes when the polar angle θ between the vortex line
and the wavefront propagation direction (z axis) is zero.
Bessel beam in this case implies that the plane wave wave
vector makes an angle θ0 with the z axis such that it de-
picts the situation in the limiting case θ0 −→ 0. This
corresponds to the paraxial regime of the EVB and in
this case there is no spin-orbit interaction(SOI). When
such EVBs interact with a laser field, OAM Hall effect
will arise inducing a shift of the center of the beam from
the field-free case towards the polarization axis of pho-
tons. On the otherhand, for non-paraxial beams where
the polar angle θ between the vortex line and the wave-
front propagation direction (z− axis) is non-zero, SOI
is switched on and the corresponding Berry phase has
a non-zero value. Bessel beams in this case correspond
to the situation when the polar angle θ0 of the plane
wave wave vector with the z− axis takes distinct non-
zero value. When the polar angle θ is pi2 , the Berry phase
acquired by the scalar electron around the vortex line in-
volves quantized monopole charge µ = 12 . However, for
any arbitrary angle (θ 6= 0, pi2 ), the corresponding Berry
phase involves non-quantized monopole charge. In this
scenario, Bessel beams involve tilted vortices having an
arbitrary non-zero angle of the plane wave wave vector
with respect to the wave front propagation direction. It
is interesting to note that the propagation of electron
vortex beams in free space with tilted vortices give rise
to spin Hall effect (SHE) [5]. When such EVBs interact
with a laser field, it is found that there will be a shift of
the center of the beam towards the polarization axis of
photons due to spin Hall effect.
The Dirac equation of an electron coupled to an exter-
nal electromagnetic field is given by [8][
(~p− e ~A)2 −m2 − ieFµνσµν/2
]
ψ = 0, (1)
where pˆµ = (i∂t,−i∇) is the electron four momentum
operator and e is the electron charge, Fµν is the electro-
magnetic field tensor, 2σµν = γµγν−γνγµ, where γµ are
the 4 × 4 Dirac matrices. For a plane wave field Aµ(ζ),
with ζ = kx being the laser phase, the exact solution of
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2eqn (1) is of the Dirac-Volkov form [8]
ψp(x) =
[
1 +
e(γk)(γA)
2(kp)
]
up√
2E
eiS (2)
with E2 = p2 + m2, where E(p) is the energy (momen-
tum) of the electron. Here S = −(px)−F + G with
F =
∫ ζ
0
dζ
′ e(pA(ζ
′
))
(kp)
, G =
∫ ζ
0
dζ
′ e2(A2(ζ
′
))
2(kp)
. (3)
The spinorial variable up denotes the positive energy-
momentum eigenstate of the Dirac equation in the free
space. The spin states of an electron are chosen to be the
eigenstates ws = (α, β)T of the σz operator with eigenval-
ues sz± 12 . We consider that the electrons and the linearly
polarized photons of the external field propagate anti-
parallel to each other. The propagation of the electron is
chosen to be directed along the z axis so that the laser
propagates backward along z which implies ζ = ωt+ kz.
The polarization axis of photons is taken to be in the y
direction. For a monoenergetic distribution of the mo-
mentum over some cone with p0 = const and fixed polar
angle θ0 with regard to the propagation axis of the beam
we have p‖0 = p0cosθ0 and p⊥0 = p0sinθ0. Using cylin-
drical coordinates in momentum space ~p = (p⊥, φ, p‖) =
(psinθ, φ, pcosθ) the Volkov-Bessel solutions can be con-
structed from the Dirac Volkov solution given by eqn. (2)
as
ψl(x) =
∫
ψ˜l(~p)ψp(x)p⊥dp⊥dφ, (4)
with
ψ˜l(~p) = δ(p⊥ − p⊥0) e
ilφ
2piilp⊥0
. (5)
Integrating eqn (4) leads to the Volkov -Bessel state
ψl(~r, t) =
[
1 +
e
2(kp0)
(γk)(γA)
] +∞∑
n=−∞
inJn(f0)ψl+n(~r, t)
(6)
with f0 = f(p0), where f =
∫ ζ
0
dζ
′
ep⊥A(ζ
′
)/(kp). Tak-
ing into account ξ = p⊥0r the states [4]
ψl+n(~r, t) =
eiφ√
2
 √1 + mE0ws√
1− mE0σzwscosθ0
 ei(l+n)ϕJl+n(ξ) +
 00
A
 ei(l+n+1)ϕJl+n+1(ξ)−
 00
B
 ei(l+n−1)ϕJl+n−1(ξ)

(7)
with a phase φ(z, t) = p‖0z − E0t + G(p0), spinors A =
(0, i
√
∆α)T and B = (i√∆β, 0)T and ∆ = (1− mE0 )sin2θ0
appear as Bessel type solution of the Dirac equation with
the OAM of an electron in free space modified as l + n,
where n is an additional OAM due to laser.
In the framework of the skyrmionic model of an elec-
tron, an internal variable is introduced to represent the
direction vector essentially representing a vortex line, giv-
ing rise to the spin degrees of freedom [9, 10] where the
spin appears as an SU(2) gauge bundle. This represents a
gauge theoretical extension of the space-time coordinate
which can be written as gauge covariant operator acting
as functions in phase space
Qµ = −i
(
∂
∂pµ
+Aµ(p)
)
(8)
where Aµ(p) is the momentum dependent SU(2) gauge
field. Here pµ denotes the mean momentum of the ex-
ternal observable space. In this formalism, a massive
fermion appears as a skyrmion [11, 12]. The Berry phase
acquired by the scalar particle after encircling the closed
path around the vortex line, which is equivalent to the
magnetic flux line is 2piµ, where µ is the monopole charge
associated with the magnetic flux line [13]. When the
monopole is located at the origin of a unit sphere, the
Berry phase is given by φB = µΩ(C), where Ω(C) is the
solid angle subtended by the closed contour at the origin
which is given by
Ω(C) =
∫
C
(1− cosθ)dφ = 2pi(1− cosθ). (9)
Here θ is the polar angle of the vortex line with the quan-
tization axis(z axis). So for µ = 12 , we have the phase
φB = pi(1− cosθ). (10)
This corresponds to the flux associated with the
monopole passing through the surface spanning the
closed contour. Transforming to a reference frame where
the scalar electron is considered to be fixed and the vor-
tex state (spin state) moves in the field of the magnetic
monopole around a closed path, φB in eqn (10) corre-
sponds to the geometric phase acquired by the vortex
state. The angle θ represents the deviation of the vortex
line from the z axis. Equating this phase φB in eqn (10)
with 2piµ which is the geometric phase acquired by the
scalar electron moving around the vortex line in a closed
path, we find that the effective monopole charge associ-
ated with a vortex line having polar angle θ with the z
axis is given by µ = 12 (1− cosθ).
3This suggests that for θ = 0 and pi2 , µ takes quantized
values but for 0 < θ < pi2 it is non-quantized. When the
vortex line representing the spin axis is parallel to the
wave propagation direction implying θ = 0, so that the
Berry phase vanishes, we have the paraxial vortex beam.
For θ = pi2 the vortex line is orthogonal to the wavefront
propagation direction. For other values of θ, correspond-
ing to non-quantized monopole charge, the vortex line is
tilted in an arbitrary direction. This implies the devia-
tion of the spin axis from the z axis and represents the
anisotropic feature associated with the system. Bessel
beams in this case involve tilted vortices having non-
zero arbitrary angle of the plane wave wave vector with
respect to the wavefront propagation direction. These
three states having θ = 0, pi2 and 6= (0, pi2 ) correspond
to the screw, edge and mixed edge-screw dislocations in
optical vortices respectively.
Denoting the spatial coordinate of the electron as ~R,
we can write from equation (8)[5, 14, 15],
~R = ~r + ~A(~p), (11)
~A(~p) = µ ~p×~σp2 , where ~r(~p) is the mean position (momen-
tum) of the external observable space.
It is well known that the field of an electromagnetic
plane wave with wave vector kµ (k
2 = 0) depends on
the 4-coordinates only in the combination kx = ζ. So,
we write the gauge potential of the external laser field
as Aµ(ζ). If Aµ(ζ) are periodic functions and their time
average value 〈Aµ(ζ)〉 = 0, the time average value of the
modified momentum 4-vector of the electron Pµ in the
laser field is given by [8]
Pµ = pµ − e
2〈A2〉
2(kp)
kµ. (12)
The spatial component of the momentum can now be
written as
~P = ~p− e
2〈A2〉
2(kp)
~k = ~p− α~k = ~p− ~k ′ , (13)
with α = e
2〈A2〉
2(kp) . If we now consider the situation of the
EVB having head-on collision with the laser field, ~k is
anti-parallel to ~p so that we can write the modified mo-
mentum as
~P = ~p+ ~k
′
. (14)
Thus from equations (11) and (14) we can write the
angular momentum as
~˜L = ~R× ~P = (~r + ~A(~p))× (~p+ ~k ′) = ~r × ~p+ ~r × ~k ′ + ~A(~p)× ~p+ ~A(~p)× ~k ′ = ~L1 + ~L2 + ~L3 + ~L4. (15)
In eqn. (15), ~L1 represents the OAM of the field-free
EVB and ~L2 corresponds to the additional angular mo-
mentum n, which is induced by the laser field. Now to
compute 〈~L3〉, we write
~L3 = ~A(~p)× ~p = µ~p× ~σ × ~p
p2
= −µ~p× ~p× ~σ
p2
, (16)
where ~σ is the vector of Pauli matrices. The expectation
value of ~σ is given by
〈~σ〉 = 〈ψ|~σ|ψ〉〈ψ|ψ〉 = ~n
′
, (17)
where ψ is a two-component spinor
ψ =
(
ψ1
ψ2
)
(18)
and ~n
′
is the unit vector. Thus
〈~L3〉 = 〈µ~p× (~σ × ~p
p2
)〉 = −〈µ~κ× (~κ× ~σ)〉, (19)
with ~pp = ~κ, ~κ being the unit vector. This gives
〈~L3〉 = −µ~n ′ . (20)
Besides, as the momentum vectors ~p and ~k
′
are anti-
parallel to each other, 〈~L4〉 = ~k ′ × µ( ~p×~σp2 ) = 0
The first two terms in equation (15) dictate the addi-
tion of OAM n with the field-free OAM l of EVB due
to the laser field. This is caused by the orbit-orbit in-
teraction between the intrinsic OAM and the OAM ow-
ing to the external degrees of freedom. The local vor-
tex structure exp(ilφ) in the field-free wave packet in
the Bessel beam spectrum is now modified as exp(il
′
φ),
where l
′
= l + n, giving rise to a magnetic monopole
type of Berry connection. In terms of ~e, a unit vector
orthogonal to ~P , we can write
exp(il
′
φ) = (ex + iey)
l
′
. (21)
It is noted that with the variation of ~P , ~e moves on the
unit sphere
~P
|~P | , which leads to the monopole type con-
nection [16]
~A =
(
i(ex − iey) ∂
∂ ~P
(ex + iey)
)
(22)
and the corresponding curvature ~Ω(~P ) =
~P
P 3 . As a result,
we have ~A(l′ ) = l′ ~A and ~Ω(l′ ) = l′~Ω indicating that the
4charge of the magnetic monopole in momentum space is
given by l
′
. Noting that the electric field component of
the external field will accelerate electrons, the momen-
tum concerned will be time dependent and lead to an
anomalous velocity as
~va = l
′ ~˙P × ~Ω(~P ) = l′ ~˙P ×
~P
P 3
. (23)
This will give rise to OAM Hall effect [16]. Thus, anal-
ogous to the spin-orbit coupling giving rise to the spin
Hall effect, the orbit-orbit interaction between the in-
trinsic OAM and the external degrees of freedom gives
rise to OAM Hall effect. In case of a paraxial beam,
as mentioned earlier, the Berry phase factor µ vanishes
and so there will be no contribution from 〈~L3〉 here as fol-
lows from eqn. (20). This argument convincingly demon-
strates that a spatial shift of the center of the EVB along
the polarization direction of photons in the laser field is
caused by the OAM Hall effect and the shift will depend
on the orbital angular momentum. Large values of the
orbital angular momentum can cause a larger amount of
shift.
For the analysis of the non-paraxial beams arising out
of the tilted vortices equations (15) and (20) are used
and we write the total angular momentum of the EVB in
presence of a laser field as 〈~˜L〉 = (l+n+µ)~ˆz = (l′ +µ)~ˆz.
From the conservation law of the total angular momen-
tum ~˜L+ ~˜S = ~L+~S, where ~˜S corresponds to the spin vector
with ~L = l
′
~ˆz and ~S = s~ˆz, we find 〈 ~˜S〉 = (s − µ)~ˆz. The
presence of spin-orbit interaction (SOI) is implied due to
the conversion of a part of the angular momentum from
SAM to OAM. The quantized value of µ = 12 corresponds
to the relation |µ| = s, whereas for non-quantized value
of µ, the expectation value 〈~˜L〉(〈 ~˜S〉) can take arbitrary
values. Indeed, from the relation of the angular momen-
tum in presence of a magnetic monopole ~J = ~L−µ~ˆr, it is
noted that for vanishing ~L, the total angular momentum
is µ and for µ = 12 we have the intrinsic angular momen-
tum of the system given by 12 , which is the SAM of an
electron with sz = ±µ.
The non-quantized value of µ undergoes renormal-
ization group (RG) flow [17, 18] following the relation
L ∂µ∂L ≤ 0, where L is a length scale. This suggests that for
non-quantized values of µ(denoted as µ˜) we can consider
it as a continuous function and at certain fixed points in
the parameter space the monopole charge corresponds to
quantized values.
We now introduce a non-inertial coordinate frame with
basis vectors (~v, ~w, ~u) attached to the local direction of
momentum ~u =
~P
|P | . This coordinate frame rotates with
the variation of ~P . With respect to a motionless (labora-
tory) coordinate frame such rotations describe a preces-
sion of the triad (~v, ~w, ~u), with some angular velocity. At
an instant of time, if we take the direction of the vortex
line as the local z axis which represents the direction of
propagation of the wave front, this corresponds to the
paraxial beam in the local frame. In this non-inertial lo-
cal frame the local monopole charge will correspond to
a pseudospin. In fact the expectation value of the spin
operator
〈
~S
〉
= 12
〈ψ|~σ|ψ〉
〈ψ|ψ〉 , undergoes precession with the
precession of the coordinate frame [19]. When the direc-
tion of the vortex line is taken to be the local z axis, the
local value of µ˜ is changed and takes the quantized value
|µ| = 12 owing to the precession of the spin vector and
thus corresponds to the pseudospin in this frame. The
pseudospin vector ~S is parallel to the momentum vector
~P . We can now formulate an anomalous velocity as
~va = µ ~˙P ×
~P
P 3
. (24)
Thus the anomalous velocity is perpendicular to the
pseudospin vector and points along opposite directions
depending on the chirality sz = ± 12 corresponding to
µ > 0(< 0). This separation of the spins gives rise to the
spin Hall effect. Thus a tilted vortex line with respect to
the propagation direction in the inertial frame carrying
OAM will give rise to spin Hall effect, which is caused by
the spin-orbit interaction.
The expression for va in equation (24) can be rewritten
in terms of the unit vector ~u =
~P
|~P | and its time derivative
as
~va = µ
~˙P × ~P
P 3
= µ~˙u× ~u. (25)
Denoting ~˙u|~˙u| = ~n1, we note that the spin current is or-
thogonal to the local plane (~u, ~n1). Since the spin current
is orthogonal to the local plane (~u, ~n1), thus for a tilted
vortex with respect to the wave propagation direction
the spin Hall effect is a Coriolis type transverse deflec-
tion. This leads to a shift of the center of the beam with
respect to the center of field-free EVB in case of non-
paraxial beams.
In conclusion, we have considered the relativistic EVBs
in a laser field and explored the dynamics of the system
from the perspective of geometric phase. It has been ar-
gued that in case of the paraxial beams, a shift of the
center of the beam in the polarization direction of the
laser field is caused by OAM Hall effect whereas for non-
paraxial beams the shift is a consequence of the spin Hall
effect. The arbitrary large integer value of the angular
orbital momentum suggests the generation of a larger
shift in the paraxial case than that in the non-paraxial
case which is in conformity with the numerical estimates
given in the work of Hayrapetyan et.al[4]. It may be
added here, the shifts of the center of the beam with re-
spect to the center of field-free EVB discussed in [4] have
been estimated by calculating the probability density of
finding an electron in the beam profile. However, our
geometric phase inspired non-trivial analysis unveils the
dynamics of the shift in terms of the anomalous velocity
5that is induced due to the associated Berry curvature in
the Hall effect scenario.
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